We have measured the near-infrared photoluminescence spectrum of phosphorus doped silicon (Si: P) and extracted the donor-bound exciton (D X results are much more surprising, and the radius of the m J =±3/2 heavy hole is found to be larger than that of the m J =±1/2 light hole.
Introduction
Study of the quadratic Zeeman effect (QZE) in atoms is of interest in two widely different areas. In astrophysics, estimating the immense magnetic fields generated by highly compact objects requires spectroscopy and fitting to the QZE of hydrogen. In a group IV silicon crystal, atoms are tetrahedrally bonded so that a group V donor such as phosphorus has one unused electron, which orbits around the ion core in the same way as in the hydrogen atom. In such semiconductor impurities the QZE is important at fields easily accessible in laboratory conditions and so understanding is important for interpretation of many magneto-optical and magneto-transport experiments. The difficulty in calculating the energy levels of hydrogen atoms and hydrogenic impurities in a magnetic field is that the Coulomb field and the magnetic field have different symmetry, so Schrodinger's equation is non-separable, thus some type of approximation is required. There is a characteristic field, when the Coulomb (binding) energy and the magnetic (cyclotron) energy are equal, B 0 , that determines the strength of the QZE. For free hydrogen atoms B 0 is very large, so in most applications the magnetic field is low enough that the QZE can be neglected (i.e. B=B 0 ), and the linear Zeeman splitting is an adequate description. In semiconductors the dielectric constant and electron effective mass greatly reduce the characteristic magnetic field B 0 , e.g. for silicon B 0 =32.8 T [1] , whereas it is even smaller for most III-V semiconductors. Here we investigate the QZE for Si:P.
One of the best known theoretical approaches to describe experimentally observed spectra of impurities atoms in Original content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
semiconductors is the effective mass theory (EMT), see for example [2, 3] . EMT assumes slowly varying wavefunctions and it is very successful for the large excited states. The accuracy can be improved by including more bands and/or taking into account the existence of multiple equivalent conductionband valleys (six in silicon). However it is less accurate for prediction of the ground state because it cannot explicitly take into account the very small length-scale effects sampled by an s-like orbital near an impurity ion. Empirical corrections are required, referred to as the central-cell correction. These may take the form of assumed perturbation potentials in the immediate vicinity of the impurity atom [4] that can be compared with both the results of spectroscopic experiments (sensitive to the state energy) and electron nuclear double resonance experiments [5] sensitive to the state's spatial extent [3] . No effective theory has been developed yet to predict both parameters in magnetic fields [3] . Here we focus on the QZE for the ground state, and show that it can be used to extract the spatial extent.
We turn our attention to impurity bound excitons, and their spatial extent. An exciton bound to a neutral impurity is an immobile four-particle complex consisting of two (one) electrons, one (two) hole, and a positive (negative) donor D (acceptor A) ion. A free exciton (X), which consists of an electron and a hole, is analogous to positronium, and, consequently, an impurity bound exciton (donor (D 0 X) or acceptor (A 0 X)) could be considered an analogoue of positronium hydride. The very existence of the D 0 X was originally predicted from positronium hydride [6] . the understanding of the magnetic properties of both D 0 and D 0 X is crucial for quantum technology applications [7, 8] .
The linear Zeeman splitting of the D 0 X [9] and A 0 X [10] has been studied and good agreement with the theory has been achieved. The QZE has also been observed for D 0 X [9] and A 0 X [10] , but the relatively low magnetic fields used in the reported experimental studies left very high uncertainty in the value of the diamagnetic shifts. In this paper, the luminescence spectra of D 0 X are studied up to a magnetic field of 28 T. The luminescence spectral lines result from annihilation of the D 0 X into D 0 , so that their magnetic field behaviour depends on the diamagnetic shifts of both D 0 X and D
0
. Thus a separate measurement of the D 0 electron ground state diamagnetic shift allows us to extract the exciton diamagnetic shifts from the luminescence spectra. We also extract the gfactors of the electrons, the heavy and the light holes, which are found to be in a very good agreement with EMT and previous low field experimental results. The diamagnetic shifts of heavy and light hole excitons are measured at high precision for the first time here.
Theory
Both electrons in the D 0 X occupy the singlet wave function (the lowest energy level) and do not contribute to its linear Zeeman energy. The Zeeman energy of the D 0 X is therefore entirely determined by the Γ 8 hole, which has J=3/2, i.e. m=±3/2, ±1/2, for the heavy hole and light hole respectively. For high magnetic fields, where the diamagnetic shift becomes significant and results in the QZE, the contribution of all particles (two electrons and one hole) has to be considered.
We begin the discussion of the Zeeman effect with low magnetic fields (for which it is linear), so that the energies of the hole energy levels of the D 0 X ( figure 1(a) ) are
where μ B is the Bohr magneton, and the transition energy to the D 0 ( figure 1(b) ) is:
where m e =±1/2, m h =±3/2 or ±½ and g h =g 3/2 or g 1/2 depending on the transition (see figure 1) . The values of g 3/2 and g 1/2 depend on the direction of the field, and we relate them to the direction-independent band parameters g 1 and g 2 using the spin Hamiltonian of the Γ 8 state, which is the same as the acceptor ground state, and was derived in [11] [12] [13] using the shell model [14] :
Here J is the angular momentum operator, J 3 is the angular momentum projection operator, and i runs over 1, 2, 3. g 1 is the isotropic contribution, and g 2 is the anisotropic correction (symbols K and L were used for g 1 and g 2 in earlier works [15] ). field. In silicon, due to the angular dependence of the wave function of the hole at the impurity centre, the correction g 2 for the anisotropy differs from zero ( ¹ g 0
2
) and the Zeeman splitting depends on the orientation of the field. The energy levels of the holes in a magnetic field of an arbitrary orientation can be found by diagonalizing the matrix  B [13] . The four solutions have the form
where the direction of the field determines
while the parameters g M, D and X are material specific and related to g 1,2 : In the anisotropic case ( ¹ g 0
) and for an arbitrary direction of the magnetic field, microwave electron paramagnetic resonance transitions between all levels are allowed. If D =  m 1 the transition probability is proportional to g ; 1 2 for the other transitions the probability is proportional to g . The magnitudes of the parameters g 1 and g 2 were calculated in [16] where a B is the Bohr radius. This approximation has been used to estimate the extent of the D 0 X wave-functions [10, 18, 19] . We shall show below that this approximation predicts an adequate value only for the diamagnetic shift of D 0 electron but not for D 0 X.
Experiment
The Si:P sample for D 0 X the photo-luminescence experiment was cut from a commercial 800 μm thick silicon wafer from float-zone-grown 〈110〉 monocrystalline natural silicon doped with phosphorus. The level of doping was 2×10 14 cm −3 . The sample was mounted in helium exchange gas at 4.2 K in the bore of a 31.5 T water-cooled Bitter magnet. The direction of the magnetic field was perpendicular to the sample surface (Faraday geometry). The photo-excitation was performed by a Spectra-Physics 2080 argon ion laser (λ=488 nm), the radiation of which was delivered into the magnet by an optical fibre. Another fibre was used to collect the luminescence from the sample. The spectrum of the luminescence was measured using an Acton Spectrapro 300i monochromator (spectral resolution 0.3 meV) connected to a liquid N 2 -cooled InGaAs array.
A pair of Si:P and Si:Se samples, which are fully described in [20] , were used to measure their absorption spectra. The samples were mounted in the same magnet as described above. Mid-infrared radiation from a Fourier transform interferometer (Bruker IFS-113v) was brought to the sample by an evacuated beam line and a focusing cone. An optical window fitted at the bottom of the magnet allowed us to collect the radiation transmitted thorough the Si:Se sample by means of an external liquid-nitrogen-cooled MCT detector. The light propagation was parallel to the magnetic field direction and perpendicular to the sample surface (Faraday geometry). For the S:P sample the transmited light was detected by a liquid-helium-cooled Si-composite bolometer.
Results

Three D
0 X lines can be identified in the photo-luminescence spectrum presented in figure 2 at 10 T, one of which is stronger than the others. The amplitude difference can be explained by the occupation probability of the initial states. The recombination time of the D 0 X in Si:P is on a few hundred nano-second time scale [21] , whereas the intracomplex thermal repopulation is accomplished on a much shorter time scale. Therefore the population of the lowest D 0 X energy level with m h =−3/2 is significantly more than that with m h =−1/2. This results in the transition 2 (see figures 1 and 2) being the strongest at high fields. At the sample temperature (4.2 K) the thermal energy k B T equals the Zeeman splitting at a few tesla (because gμ B /k B ∼1 K T −1 ) which results in complete depopulation of the highest D 0 X energy level (m h =1/2 and m h =3/2). In the Faraday geometry transition 4, which is π-polarised, should be forbidden (figure 1), but non-sphericity of the ground state and a low f-number of the collection optics have enabled us to detect it. The magnetic field dependence of the transition energies obtained from Gaussian fits to the spectra is shown in figure 3 .
First of all, the g-factor of the D 0 electrons can be found by subtracting the field dependence of the transitions 4 and 1 (see figure 3) . The result is shown in figure 4 . The diamagnetic shifts of the +1/2 and −1/2 electrons in the D 0 ground states are the same and cancel each other, as do the diamagnetic shifts of the −1/2 holes in the D 0 X excited states. The result is governed by a linear Zeeman splitting with electron g-factor found to be g e =1.97±0.01 (see table 1 ).
The best global fits to figure 3 with only two fitting parameters (b 3/2 and b 1/2 , which refer to one of the two possible combinations (equation (10) The experimental far infrared absorption spectra of Si:P and Si:Se samples as a function of magnetic field up to 30 T have already been published in [1] and [20] , but the analysis to determine the D 0 ground state of Si:P has been done in the present work ( figure 5) for the first time.
Discussion
It has been shown that the magnetic field behaviour of oddparity excited states of D 0 is identical for different shallow donor impurity atoms [20] . Subtracting the transition energies from the ground to excited states extracted from the farinfrared absorption spectrum of selenium atoms from the corresponding transition energies of phosphorus atoms allows us to determine the magnetic field behaviour of the phosphorus ground state electron directly. Figure 5 shows the results of such subtraction. The fact that the differences of the corresponding transitions have the same field dependence in all cases confirms that the excited states of Se and P are indeed identical, and that the magnetic field dependence observed in figure 5 results from the ground state shifts only. Due to the very small Bohr radius of the Se ground state electron (0.2 nm for Se in comparison with 1.4 nm for P) its contribution to the diamagnetic shift shown in figure 5 is negligibly small (see equation (11)). Therefore the observed shift is purely determined by field tuning of the phosphorus ground state. From the fitting of the experimental data shown in figure 5 the diamagnetic coefficient of phosphorus ground state electron is found to be b e D 0 ( ) =0.26±0.02 μeV T −2 , which implies that (equation (11)) we found that =  a 1.33 0.05 nm.
B
Our experimental diamagnetic coefficient is in good agreement with the previously reported value of 0.3 μeV T −2 obtained using first-order perturbation theory from (equation (11)) and assuming a B =1.5 nm [19] , although different theoretical models for the state radius predict a B from 0.65 to 2.5 nm (for review see [3] ), which leads obviously to considerable theoretical uncertainty in b. A numerical calculation of the diamagnetic shifts of the ground and excited states of shallow donors in silicon, that included only one conduction-band valley, found the ground state shift to be 0.353 μeV T −2 [22] . If a linear combination of six single-valley states is considered, the diamagnetic shift is reduced. Because of this reduction it was assumed in [22] that the diamagnetic shift of the ground state could be neglected in comparison with that of the excited states. Our experimental results show that although it is small it is non-negligible; it is 9% (7%) of that of 2p 0 (2p ± ) states. Ignoring it, in order to analyse experimental magnetic field behaviour of the excited states, results in under-estimation of the magnetic field effect on the latter. The discrepancy with the experiment becomes unavoidable at high magnetic field [1] if the diamagnetic shift of the electron ground state is neglected.
Only a few experimental studies of the diamagnetic shift of the D 0 X are available in the literature; most are summarised in table 1. In [15] the authors quoted the precision of the observed diamagnetic shift to be 4%, but they took all heavy and light hole D 0 X diamagnetic shifts to be the same. Data of the same field range as in [15] was treated separately in [9] and a more realistic precision of the order of 25% was reported. Our high magnetic field experiments allow us to measure the diamagnetic shifts with high precision (~1%).
Using the diamagnetic coefficients extracted from values were taken from [9] , and g 1/2, 3/2 were calculated from them using equations (4)- (8), rather than using them as fit parameters. ) [9] . It is well known that a particle with a larger effective mass is expected to have a smaller Bohr radius. If we apply this simple logic to equation (11) we might expect the heavy hole D 0 X diamagnetic coefficient to be smaller than that of the light hole D 0 X, which is exactly the opposite to our experimental observation. This illustrates the need to include heavy-light hole mixing to explain the relative orbit sizes.
Conclusion
The diamagnetic shift of the hydrogen-like neutral donor ground state electron has been obtained experimentally for the first time. We showed that the magnitude of the diamagnetic shift is well described within the EMT and that b e D 0 ( ) is about 9% (7%) of that of 2p 0 (2p ± ) states, which shows that the magnetic field dependence of the electron ground state cannot be neglected especially for impurity magneto-optics at high magnetic field.
We studied the magneto-optics of the more complicated particle, the donor bound exciton, up to high magnetic field (28 T). At low fields the Zeeman splitting is linear and gives good agreement with the EMT-the measured electron and hole g-factors agree with previous results. At high magnetic fields where the QZE becomes important, the diamagnetic shift of the light and heavy holes are found to contradict the EMT, which predicts that it should be proportional to the square of the state radius. The m J =±3/2 D 0 X radius is found to be larger than that of the m J =±1/2 light holes. A similar experimental trend in diamagnetic shifts has been reported in the literature [9] , but not discussed due to low precision of the existing low field experimental data. The field for which the energy associated with the QZE is equal to that of the linear Zeeman effect for holes in silicon ( m g b h B ) is found to be of~30 T, and this sets the field scale required for accurate extraction of b. The high magnetic field used in our work allowed us to improve the precision by over an order of magnitude. Clearly, a more accurate theory for such objects at high magnetic field has to be developed, that includes heavylight hole mixing [25] . Figure 5 . The orbital contribution to the energy of the ground state of the Si:P D 0 (data from [20] ). The THz absorption transition energy for 1s(A 1 )->2p 0 of Si:Se was subtracted from the energy of the equivalent transition in Si:P (and the same for three other transitions involving different excited states). The excited states in both Si:P and Si:Se are identical [20] , and the Si:Se ground state has negligible QZE due to its small extent, therefore the field dependence revealed in the figure is entirely due to the QZE in the ground state of the Si:P D 0 state.
